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1. INTRODUCTION 
Let 1;G be the group algebra of a fin&e group G over an a~geb~a~~a~~~ 
closed field F of characteristic p > 0, and let P be a Sylow ~-s~b~ro~~ of
G. We call G p-radical if the induced module (F.D)G from the trivial 
FP-module F, is semi-simple (completely reducible) as a right FG-mo 
This definition is the same as that of Motose and Ninomiya in [‘7] (see 
[2, VI Corollary 6.41). 
The purpose of this note is to give one sufficient condition with respect 
to the Green correspondences under which G is p-radical. 
THEOREM. If the restriction SNGCQj of S to F[N 
FE~&?~l- mo u e d l f or any simple FG-module S where 
then G is p-radical. 
The condition in the theorem is not t strong, for the following reasons. 
Assume that G is p-radical. Let Q any p-subgroup of 6 a 
N= N,(Q). Then the theorems of Okuyama [S] and Alperin [I ] say t 
the Green correspondence with respect to (6, Q, N) gives a Eject 
between the set of all non-isomorphic simple FCY-modules with vertex 
d the set of all non-isomorphic simple FN-modules with vertex 
oposition 1). Let S be a simple FCSmodule with vertex Q. Th 
above fact means that the restriction S,,, of S to FN is simple module a 
kind of projectives. Moreover, if Q is a Sylow p-subgroup of G, then S, is 
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actually simple (see Proposition 2). Several years ago, Tsushima wrote a 
paper on p-radical groups [lo]. The examples in his paper [ 10, Examples 
(1) and (2), p. SO] satisfy the condition in the theorem. 
Throughout this paper, G is always a finite group and F is an algebrai- 
cally closed field of characteristic p > 0, and we mean by an FG-module 
only a finitely generated right FG-module. We write dim V for the 
F-dimension of a vector space V over F. Let M and N be FG-modules. We 
write Ker M for the kernel of M (see [2, p. 861) and Sot A4 for the socle 
of A4 as an FG-module. For a positive integer IZ, nM denotes the direct sum 
MO ... @A4 (n times). We write [M, N], for dim[Hom,(M, N)]. We 
write NI M if N is (isomorphic to) a direct summand of M. Let H be a sub- 
group of G and L an FH-module. Then LG denotes the induced FG-module 
from L, say, LG = L@ FH FH, and M, denotes the restriction of M to FH. 
We write Fo for the trivial FG-module. For ordinary characters x and $ of 
G, (x, $)G denotes the inner product in G. We write 1, for the trivial 
ordinary character of G. We write k(G) for the number of all conjugacy 
classes of G. The symbol g means that a proof is finished. We write OP’(G) 
for the intersection of all normal subgroups of G of index prime to p. The 
notations IGl, IG: HI, H”, Z(G), No(X), C,(X), HaG, (x), and O,,,,(G) 
are standard (see Gorenstein [3, p. 5111). Other notation and notions 
follow the books of Feit [2] and Landrock [6]. 
2. PROOF OF THE THEOREM 
In order to prove our main result, we proceed by a sequence of several 
lemmas. 
LEMMA 1. Let H -KJ G such that H is a p-group or PI-group. Assume that 
B and B are p-blocks of G and G/H, respectively, such that BC B and that 
Q c Ker S for any simple FG-module S in B where Q is a vertex of S. Then 
V E Ker T for any simple F(G/H)-module T in B where V is a vertex of T, 
ProoJ: This follows from [4, Lemma 1.3(c)]. 1 
LEMMA 2 (Knorr). If a vertex of S is contained in Ker S for any simple 
FG-module S in the principal p-block, then G is p-solvable. 
Proof: Let P be a Sylow p-subgroup of G. We may assume P # 1. Let 
S be any simple FG-module with vertex Q in the principal p-block. Then, 
by the theorem of Kniirr [S, 3.7 Corollary (ii)], we may assume that 
Z(P) E C,(Q) c Q E P. Hence, [2, IV Lemma 4.12(iii)] and the assump- 
tion imply that 1 #Z(P) z O,,,,(G). Thus, G/O,,,(G) is p-solvable from 
Lemma 1, [2, V Lemma 4.11, and induction. 1 
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&EMMA 3 (Okuyama). Let S be a simple FGmodukule w 
let fS be the Green correspondent of S with respect to (G, 
fS is simple if and only if S 1 (FQ)‘. 
ProoJ: Let N= NG(Q) and T= fS. Assume that T i 
[2, III Corollary 4.131, T is a simple-projective F(N/ 
Tl FWIQ) = (&IN, so that Sg f-‘T ITGI (FQ)“. The 
kuyama [S, Lemma 2.21. 
LEMMA 4. Let S be a simple FG-module with vertex Q, and let 
N = NG( Q). Then the following are equivalent. 
) S, is a simple FN-module. 
(2) S is a trivial source module and er S. 
BrooJ: (I) 3 (2): Easy by Lemma 3 and [2, III Corollary 2.13(i)]. 
2) + (1): Let fS be the Green correspondent of S with respect to 
(G , N). Then SN = fS@ (0 ri) for indecomposable FN-modules HJ, 
such that Yi is n-projective for all i where n = (A j A is a subgr 
-’ for some XE G- N). There exist no such Yi’s from [ 
a 4.123 since Q c Ker S. Hence, we obtain (1) by Lemma 3. 
LEMMA 5. Let H-6. If SNccQj is simple for any simple FG-module S 
where is a vertex of S, then TNHcVj is simple for any simple FH--mod& T 
where V is a vertex of T. 
rooJ Let T be a simple FH-module. Then, by Clifford t 
Frobenius reciprocity, TI S, for some simple FG-module S. Let 
vertex of S. By Lemma 4 and Mackey decomposition, T is a tri 
module and V c Ker S for a vertex V of T. Wence, Lemma 4 
assertion. 
The next lemma is a key of this pap If G is p-radical, then G ” 
p-solvable by Okuyama [9, Theorem 11. oreover, [7, Theorem 51 a 
inductive argument often make it possibl assume that G has a norma 
subgroup H of index p if we want to claim that G is p-radical. In general, 
G cannot be p-radical even if H is p-radical (see [7, Remark 
oinf of view, troubles come in when we claim that G woul 
LEMMA 6. Let HaG and jG:HI =p. If is p-radical and if SNGCP, is 
simple for any simple FG-module S where Q is a vertex of S, then G is also 
p-radical. 
Pro~$ Since G/H is cyclic and F is algebraically closed, we can assume 
from the theorem of Clifford that { Sj! i = 1, . . . . n j and (T, / i = 1, ..I2 ma; 
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j= 1, . . . . p)u(TiIi=m+1,m+2,..., n} are the sets of all non-isomorphic 
simple FG- and FH-modules, respectively, for integers m and y1 with m <n 
such that (Si)H z @j”= r TV and Tj,, . . . . Tip are all conjugate in G for each 
i< m, and that (Si)H~ Tj for each i> m + 1. Let J be the Jacobson radical 
of FG. By Frobenius reciprocity, ( T,)G r Si for each i < m and each j, and 
SOC((T,)~) E (Ti)G/(Ti)G. Js’ Si for each i> m + 1. Let P be a Sylow 
p-subgroup of G. Since H is p-radical, we can write 
for positive integers ati and ai. 
Fix any i< m. By Frobenius reciprocity and Mackey decomposition, 
C(J’p)G, SilG = C(FpJG, (TvIGI~ = [((FP)“)H, TglH = C(J’P~H)~, T~IH= 
aii for all j. 
Next, fix any i2m+l. Let S=Si, T=S,, a=a,, and b=[(Fp)G,S]G. 
By Lemma 4 and the assumption, S is a trivial source module. Clearly, T 
is also a trivial source module. Let (F, R, K) be a p-modular system (see [6, 
p. 471). Recall that F is algebraically closed. Then S is liftable to an R-free 
trivial source RG-module 3 by [6, II Theorem 12.4(ii)]. Let x be the 
K-character of G afforded by ,!?@ R K. Therefore, by Frobenius reciprocity 
and the result of Landrock [6, II Lemma 12.6(i)], a= [(Fp,H)H, TIH= 
CFpnm TP~HIP~H = did-Soc(T,n,)l = (x, ~P~H)P~H = (W’nHl). 
CyePnH X(Y). Similarly, b = (x2 lplp= (WI) .CyEP X(Y). From the 
assumption, Lemma 4, and [2, III Lemma 4.121, for each y E G, y is in 
some vertex of S if and only if y is a p-element in Ker S. Let Y be the 
set of all such y’s. Take any YE Y. Then Sty> E (dim S) . PC,>, so that 
~(y)=dim S by the result of Scott [6, II Lemma 12.6(ii)]. Moreover, 
x(z) = 0 for any z E P such that z $ Y by [6, II Lemma 12.6(iii)]. Therefore, 
b=(PnKerS(.(dimS)/(PI. Similarly, we have a=IPnHnKerS(. 
(dim S)/l P n HJ. Let Q and V be vertices of S and T, respectively. Since G 
is p-solvable by the assumption and Lemmas 2 and 4, IQ//p = I VJ by 
[4, Theorem 2.11. Thus, Pn Ker Sf P n H n Ker S by the assumption, 
Lemma 4, and [2, III Lemma 4.121. Hence, I P n Ker Sl/l P n H n Ker SI 
= p. Thus, a = b, so that [(Fp)G, SilG = aj for all i 3 m + 1. This implies 
On the other hand, dim[(F,)G] = dim[(Pp,H)H] = CiGrn ai,(zj’= I dim Tri.) 
+Ci>m+l a,(dim Ti)=CiGma,,(dim Si)+Ci3m+1 a,(dimS,), which shows 
(Fp)G. J= 0. 1 
Now, we have come to a position to prove our main result. 
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Proof of Theorem. If G has a normal subgroup of index p, then G is 
p-radical by Lemmas 5 and 6 and induction. So, we may assume 
G # W’(G) since G is p-solvable by Lemmas 2 d 4. Met-ice, G is p-ra 
by Lemma 5, [7, Theorem 51, and induction. 
EXAMPLES. The examples of p-radical groups mentioned in Tsushima’s 
paper [IO, Examples (1) and (2), p. SO], say, finite groups which have 
normal Sylow p-subgroups and the symmetric groups on 3 an letters for 
all primes p, satisfy the condition in the Theorem. 
3. PROPQSITIONS 
In this section, we state two propositions and cme corollary, which are 
mentioned in the introduction. 
PROPOSITION 1 (Okuyama and Alperinj. Assume that G is p-radical. Let 
Q be any p-subgroup of G and let N = N&Q). Then the Green corre- 
spondence with respect to (6, Q, N) gives a bijection between the set o>f all 
non-isomorphic simple FG-modules with v and the set 0s all non- 
isomorphic simple FN-modules with vertex 
Proof. This follows from the properties of the Creen correspon 
[2, III Theorem 5.61, the theorems of Okuyama 18, Lemma 2.21 an 
Alperin [l, Lemma 11, [2, III Corollary 4.133, and the definition of 
p-radical groups. 1 
PROPQSITION 2 (Okuyama). Let I’ be a Sylow p-s~bg~o~~ 04’ 6, and let 
N= N,(P). Assume that G is p-radical. Then we have the ~Qll~wi~g. 
(ij If S is a simple FG-module such that I’ is a vertex of S, then S, 
is a simple FN-module and O@(G) s Ker S. 
(ii) k(G/OP’(G)) = k(N/P). 
Pvoo$ (i) follows from the result of Okuyama [9, Lemma l], 
Lemma 4, and Sylow’s theorem. (ii) is clear by (i), roposikion I, and [Z, 
III Corollary 2.13(i) and Lemma 4.121. 
COROLLARY. Assume that G is p-radical and that G = O”‘(G). Then we 
have the following. 
(i) If S is a simple FG-module whose vertex is a Sylow ~-s~~gr~u~ of
6, then S is the trivial FG-module F,. 
(iij For a Sylow p-subgroup P of G, N&P) = P. 
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ProoJ: (i) and (ii) follow from Proposition 2(i) and Proposition 2(ii), 
respectively. 1 
Remark. In the corollary, the assumption that G= OP’(G) is not 
essential when we investigate the structure of G such that G is p-radical 
because of [7, Theorem 51 (see the remark just before Lemma 6). 
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